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§ 1. The matrix element <0|f®@ (x)|q, k> 


The coupled equations of motion of a Dirac field and an electromagnetic field 
in interaction are 


(72+ m) peter Aye) =f () 
OA, (2) = —S 16 @), yay C= Fn (2). (2) 


For the coupled fields one is not able to obtain exact solutions. If one makes 
a perturbation approach one finds that the high order approximations of the 
field operators become extremely complicated. The second order approximation 
of the operator f(z) in the Heisenberg representation can be written 


f® (x)= =. pare {ya Sp (a — 2’) yu Sp (a — 2") yy py (ar") x 


x {AP (x) {AP (a'), AP (2')}} — ya Sn (e—a') yo fy (@'), [PO (@"), pary® (2")]} X 
x [AP (a) day Dp (x’ eter fel oy Ds eae = 
— 2 {py (x), [G6 (a’) yy Sa@ (a — 2"), Yar p (a) x 

R® 


x [AY (a’) day Dp (2 — 2") + AY? (2"") Ona Dp (x — 2) ]}. (3) 
® 2) 
Here Sp(x), S4(x) and Dzg(«x) have the following integral representations 
1 ipx (7 Il sl 2 2 
= - + 5 + 4 
Sp (2) ans | ave (ty p—m) | Porta t inet) 8(p m’) (4) 
1 Now at Chalmers University of Technology, Gothenburg, Sweden. 


2 Now at Massachusetts Institute of Technology, Cambridge. 
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1 
(200)? 


and Dee) = | ake™ Pz +i 0(k*)e «) ; (5) 


k 
where e(k)= le] 


It is the purpose of the present paper to demonstrate how one can perform 
the integrations necessary for evaluating the matrix element <0|f®(a)|q, >, 
where |q,k> represents a state with one electron and one photon whereas <0j 
represents vacuum. Only the aspects of the calculation which present some 
difficulty are included here. 

For the free electromagnetic field we want to use the following relations 


O ay Ke 

c ) SS = e.g tt 

0]Ay (x) | k) bo ; (6) 
oO eee 

(kA? (2) | 0) = em, (7) 


where e” are the polarization vectors, for which 


> el Ee | On. (8) 
and for the free Dirac field 
l 
CT sake AN (9) 
2 eS ee 
<0 |p (@)| ¢> == ah? (—q') ec, (10) 
VV 
; 1 7 pom 
6a Oe eee a ee (11) 
Th 
—(0) ee ere (ES) —igr 
ee (12) 
| 
with (+) =(+) = is eS 
e Uae (9) tp” (4) = Fae ( g— ™)ap, (13) 
> WD (=q) 4 (—g=—— 8 q +m) 14 
spins D ye aps ( ) 


The notation V stands for the volume of periodicity. When V —> co we have 
formally : 


1 il 
ra 2 ip)> Qn | err (15) 
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If we use the relations (3)-(15) to calculate ONO x)|q, k> we obtain 


<O| f? (x lg, ac ae yalty (q—k')—m] yx 


=O 


. 6 (k’? + ?) _O((g—k')? +m?) 
L( 


= We aE (ke + ae | tyaleyv(qt+k—k’)—m] vy, ley (q—k')—m] yx 


< 6 (k’* + u?) 6 ((¢—k’')® + m?) . 
[(q+k—-k +m), [(q—k +m), [(qt+k—k')?+ m7], er as 


6((q+k—k’)? +m?) fi ies 
ek Pm, (E+ uty) | RP | Or ean cars Tt 


[oP eu) Sgt k— kh +m" © Vane 
eae k— bet my [k?+ ar |} oly t) |q> <O| A,” (x) | k> — 


a ] ak’ ay({k+k')—m 
= ° = - O (x aS ie 
aad | Gen Ol elo sp ||y fe merat Y 


iy (k+K)— ae : 
cae : 5 a (iyk + mh ak +m) <0 | Ay” (x) | &. (a) 


In performing the integrations in (16) one finds that the contribution that 
requires a certain amount of effort is the following 


e 


5 | dkny k) —m) yy (iy (p’ —k) —m) yx 


— 
Nol 


UG (p, Pp) a 


6 (k? + uw?) 6 ((p—k)? +m?) 


xP 


where p=q+k, p’=q and where we have dropped the prime on the k in the 
integrand. 


§ 2. Method of integration 


The evaluation of K,(p,p’) can be reduced to the following three types of 
integrals 


l,= [dk (k + pn?) d((p—k)? +m?) 6 ((p' —k)’ + x) [Le (h) e(k—p)), (18) 
I,= [dkk, 6 (t+ py?) 6((p—k)? + m*) d((p'— ky +x) [1—e(kye(k—p)], (19) 


Ty = { dk k, ky 6 (k? +?) 6((p— hk) +m’) 6 ((p'— ky +x) L—elk)e(k—p)], (20) 


where the integration over x remains to be done. 
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The first of these three integrals (18) is simple to calculate and yields 


TU 


ON 


6 (d(x) 0(—p?—m? + 10), (21) 

where A=(pp')?— pp” (22) 

and 

b (x)= —4A 2+ p? (p> +m? — 2)? + p?(p? + %-p?)y-2 pp’ (p?+m?—p?) (p?+%-p’). 
(23) 

We have here introduced the convenient notation 


6 (x) =4[1+e(x)]. 


The remaining two integrals can be treated in the following way. In the 
integrand of (19) we substitute k,~ap,+Pp,. This we are allowed to do for 
invariance reasons. If we then multiply (19) by p, and p, we obtain the equations 


ap+Bpp =4(p?+m—w’), (24) 
APD FPP =t(p xe), = 


respectively, where we have used the following relations 


pk=%h (p? +m — p’), 


which follow directly from the 6-functions. From (19), (24) and (25) we then 
have the result 


I,= (ap, +B p,) Lo; (27) 
1 (Pe 9 12 9 9 2 
where %= 5 PP (p Seu )j=p (pom =a). (28) 
1 ' 2 2 2 2 12 2\7 
B=57lpp (p> + m? — p?) — p? (p? +x — p?)). (29) 


For I,, we write in a similar way 
Fi =U Put B Py) (% Po + B Pr) + A Ow + B Pu Pe + CPi Ps + D (Pp Pr + PuPr)| Ty. (30) 


In (30) the product («p,+/p,)(%p,+fp,) contains terms which could also 
have been included in B, C and D. The way of writing Eq. (30) which we here 
use is justified by the formal simplicity thereby obtained in our following pro- 
cedure. Thus the expressions for A, B, C and D will be simple. To determine 
these expressions let us multiply Eq. (30) successively by p, p,, Pup, and Dy Py. 
In doing so we find in each case that the left hand side of Eq. (30) cancels 
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the first product of factors containing « and f on the right hand side. We 
then obtain the following three relations 


pa OA 0, (31) 

Decry hy (32) 

np X—DA=0, (33) 

where X=A+Bp?+Op?+D-2py’. (34) 


To find the remaining relation for A, B, C and D to be determined we put 
fu=y in (20) and (30). This yields 


a p+ Bp? +2abpp'+3A4X= — pw, (35) 
The solution will be 
peli 
SA 
] p 
A=—4d4, B=- 34, 36 
- ga” ap? ) 
p pp 
eee’ Ds = 
3B? 32? 


§ 3. Evaluation of the integral K,, (p, p’) 


After these preliminaries we can write 


r 1 EA 2 Oe 2 dz y Ae 
Ku(p, PI Ga 8 5G p= th ) | alales p's 20006), (37) 
where Dis (iy ptm) (Yat fet Put fet Pi) + 1% + Got Put Got Pu (37 a) 
We are only interested in K,,(p, p’) when p’’=q>= —m’, as follows from one 


of the 6-functions in Eq. (17). Terms with a factor (iy p'+m) to the right give 
no contribution because this factor operates on a free field operator in the final 
integral. Utilizing the property of the y matrices 

Yuu > Yv Yu = 2 Op (38) 
and the well known identities 

YaypVa= —2Yus (39) 


VaVuyy ie 4 Oy (40) 


we can expand y,(iy(p—k)—m) yu(ty (p' —k)—™) ya rie (L7)2 
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Making use of Eqs. (27) and (30) and observing the re‘ations 
. . 3) . ee re 2 
UV PYutyP~2UP~LyPTP Yur 
. . . / cS 
vp Yuty p ~21m py, + p Vas (41) 
ivy yv.ivo~2in,t 55) P= Dyers  ppadongaay 
iY PD Yui YP~2tprty pt 2yy~PpP —2IMPyt Mty Pyu; 


we then obtain in (37 a) 


(42) 


g,=2p?a(l—a)+2p"B(1—B)+4pp' (a+ B—aB—1)—2m*(B+2a), 


g=4m(—Btattap+ (ppp hs, 
dy-dm( a+ B+ a8 + (opp) Ss). 
In a similar way let us write 


K,(p, p )=(typ+m) (Gy vert Get Put Gs t Pu) +A yy At PD, + Hyip,. (43) 


We now perform the x integration in (37), using the relations (28), (29) and 
(42) and remembering that p’?= —m? and (p’—p)>= —w. This yields 


= ap 
hares (44) 
ee 1 ee 2) (pA 2,2 4 4m® 2 2 p 
2-58 aa —m*) (p° —6 p°m*—m ge wees (p° —2m*) log (=Sl}: 
(45) 
3 pm m p\ p—m 
y — Petre 
Gs 47° neers Ks (-2;)+ 2p" \, bo) 
ees bel 2A 2 2 8 2.2 4 
1 6452 Ji mle TM) (Sm =p y=Sin wo te | — 
— [m? (p? + m®)? + p?( pt + 5 mt — 2m? p — 10m? u? +4 p? uv? +4 ut) x 
oe p" (p= +m?) 2p" a" 
~ —m? (p? +m?) + 2m? nw? — ut}? (47) 
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where 42 = (p? +m? + p?)?—4m? v2, 
m {(p? — m?) (m? + 6p?) p?—4m? 2 
H,=- ; 5 2° al Ee 
~ OT p (p+ m°-) (p> + m?)? °8 m ee) 
m Tp?—3m? p—4m* [= 9p* 
Hy= -—34-— 5-2 gee 
3 82° p"(p° +m) (p+ m?)? ne | al ) 
In calculating the Hilbert transform! 
N 
= * daH,(— a) 
ON ee a 2 
H, (m?*) : en (a= —p’) (50) 
(m+ yp)? 
we separate H,( m*) into two parts 
A, (m*) = (HL, (m?))x + (HL, (m?) nr (51) 


where the second term contains the logarithm. Thus 


7 1 da m?—a) (5m? +a)—8m? w4+3u4 
(A, (m= = : | : _(m 2 ( m* + a) , mM zu (52) 
Tt a(a—m’) Vm? —a+ p2)?—4m? we 
(m+ pf) 
(A, (m*) x 
N 
1 | da mm" (mi? — a) + pw (a? + 2am? + 5m*—10m* day +4ut) | 
8 x” a—m?* [(m?—a+ py? —4m? uv?! 
(m+ 4)? 
a(a—m’*)—2au? 
x] ; 
a OF im? (a — m2) + 2m? 2 — pt (53) 
Straightforward calculation gives 
(A, (m?)), = : 5 log is log N + log mu). (54) 
: 162° m 


In order to calculate Gee, (m”));, we devide the interval of integration into 
two parts and let N tend to infinity 


m*(1+6) 2) 


(H, (m*))xr = | + = (H, (m”) at (H, (m?) np, (55) 
(m+)? m%(1+0) 
9 
where oe 
mM 


1 G. Kallén: Quantenelektrodynamik, Handbuch der Physik, Band V, Teil 1. 
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In (H,(m?))ir. We substitute 


In pt=a— m= Via—m? — 2)? —4m? pw? (56) 

to obtain 
7 1 t Le *) | 
m*) tte = 573 aaa + 8| = 

(H, (m ))tra 8 ae i Meee 1)? ( t 

ul 

i = sta (log d+10g™ +2), (57) 
S72] ° ic 8 (“) fs ee co Le / 
EL, Choe 


(H, (m"))n» we integrate by part. This yields 


= m fi 1 a i 1 1 1 ) 
m> === -=|=- 1+log =}. 
(Hy (m") ry 82" / at+m log m x | oe a —m ‘) 82” | Oy 
m*(2+6) m*(1+0) 
(58) 
Summing up we obtain 
ee ise m 

(A, (m*)) = 53 (3 Hog 7 (59) 


and finally from Eqs. (51), (54) and (59) 
1 m N 
ee = = 6.\r 0 
H, (m”*) 16x (4 log a + log ae 6) (60) 


The remaining Hilbert transforms are straightforward. 
The functions we have determined enter in calculating observable quantities, 


e.g. the magnetic moment of the electron and also in studies on the Compton 
scattering. 
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